A new geometric argument is introduced to exclude binary collisions with order constraints. Two applications are given in this paper.
Introduction
After the pioneering work of the figure-eight orbit [1] , many new orbits have been shown to exist by variational method. One of the main difficulties is to exclude possible collisions in the action minimizer. In the last two decades, two powerful methods have been introduced to study the isolated collisions. One is the local deformation method [3, 7, 9, 10, 13, 16, 17, 18, 21] , and the other is the level estimate method [4, 5, 6, 20, 22] . However, when topological constraints are imposed to the N-body problem, it is difficult to eliminate collisions by applying the two methods in general. New progress has been made recently in [17, 18] , where the author imposed strong topological constraints and successfully applied his local deformation method to show the existence of many choreographic and double choreographic solutions.
In this paper, we introduce a geometric argument to exclude collisions and apply it to two sets of periodic orbits in the planar three-body problem. Let 
Our geometric result is as follows. A(Z 1 , Z 2 ) = inf
where K in (3.1) and U in (3.2) are the standard kinetic energy and the potential energy respectively, and
Let Z 1 (0), Z 1 (1) ∈ Q i and Z 2 (0), Z 2 (1) ∈ Q j , while Q i and Q j are two adjacent closed quadrants. Then Z 1 (t) and Z 2 (t) are always in two adjacent closed quadrants for all t ∈ [0, 1] and (Z 1 , Z 2 ) must satisfy one of the following three cases:
(a). Z 1 (t) and Z 2 (t) can not touch the coordinate axes for all t ∈ (0, 1);
(b). Z 1 (t) and Z 2 (t) are on the coordinate axes for all t ∈ [0, 1]; (c). the motion is a part of the Euler solution with Z 2 (t) ≡ 0 for all t ∈ [0, 1].
As its applications, we consider the following two-point free boundary value problems with topological constraints. The first application is as follows. Similar to [22] , we set where a 1 ≥ 0, a 2 ≥ 0, b 1 ∈ R, b 2 ∈ R, and R(θ) = cos(θ) sin(θ) − sin(θ) cos(θ) . The two configuration sets are defined as follows:
Geometrically, the configuration Q s is on a horizontal line with order constraints q 2x (0) ≤ q 1x (0) ≤ q 3x (0). The configuration Q e is an isosceles triangle with q 1 as its vertex, and the symmetry axis of each Q e in (1.3) is a counterclockwise θ rotation of the x−axis. Pictures of the two configurations Q s and Q e are shown in Fig. 1 For each θ ∈ [0, π/2), standard results [7, 9, 15, 24] imply that there exists an action minimizer
By the celebrated results of Marchal [11] and Chenciner [2] , the action minimizer P m,θ is free of collision in (0, 1). We are only left to exclude possible boundary collisions. Our main results are as follows. The new idea in the proof is to apply our geometric result (Theorem 1.1) to exclude binary collisions under order constraints. It was first introduced in [23] to study retrograde double-double orbit in the planar equal-mass four-body problem, and it is also used to study the Schubart orbit( Fig. 2 (a) ) and the Broucke-Hénon orbit ( Fig. 2 (b) ) in the equal mass case [24] .
Besides excluding possible collisions, we need to show that P m,θ is nontrivial, which means that it does not coincide with a relative equilibrium.
In the case when m = 1, we can show that P m,θ is nontrivial by introducing test paths for each θ, which extends the result in [22] . In each orbit, at t = 0, the three masses (in dots) form a collinear configuration. At t = 1, they (in crosses) form an Euler configuration or an isosceles configuration.
In [22] , we apply Chen's level estimate method [4, 6] and show that for each θ ∈ [0.084π, 0.183π], P m,θ is collision-free and can be extended to a nontrivial periodic or quasi-periodic orbit. It is clear that the results (Theorem 1.2 and Theorem 1.3) in this paper are stronger than the results in [22] . Remark 1.4. When m = 1 and θ = 0, the orbit is shown in Fig. 3 and it looks very simple. However, to the authors' knowledge, there is no existence proof for P 1,0 . Actually, it is difficult to apply the local deformation method [9] to P 1,0 , while the level estimate method [4, 6, 22] can only exclude collisions in P m,θ with θ ∈ [0.084π, 0.183π]. In this sense, our geometric argument has its own advantage in eliminating collisions with topological constraints. At t = 0, the three masses (in dots) form a collinear configuration with body 1 in the middle. At t = 1, they (in crosses) form an isosceles configuration with body 1 as the vertex. The minimizing path P 1,0 connects a collinear configuration with order constraints q 2x (0) ≤ q 1x (0) ≤ q 3x (0) and an isosceles triangle configuration, while its periodic extension has a simple and symmetric shape.
The second application is to show the existence of the retrograde orbits [4, 6] . By introducing the level estimate method, Chen [4, 6] can show the existence of retrograde orbit for most of the rotation angles and most of the masses. Specially, in the case when [6] requires two inequalities between the rotation angle θ and the mass m > 0. In fact, when θ > 0.4π, the two inequalities in [6] fail for all m > 0. Fortunately, our geometric result can be applied successfully to the existence of retrograde orbits for all θ ∈ (0, π/2) and all m > 0. Furthermore, when θ = π/2, we can show that the action minimizer coincide with either the Schubart orbit or the Broucke-Hénon orbit, which partially answers the open problem proposed by Venturelli (Problem 6 in [14] ).
Before stating our result, we first introduce the variational setting of the retrograde orbits. Let 5) where
. The two configuration sets are defined as follows:
Note that in the two boundary settings
At t = 0, Q S 1 in (1.6) is on the x-axis with order constraints
while Q S in (1.3) is on the x-axis with different order constraints
For each θ ∈ (0, π/2], standard results [7, 9, 15, 24] imply that there exists an action minimizer
where
By applying Theorem 1.1, we can show that P m,θ is collision-free when θ ∈ (0, π/2), which implies the existence of the retrograde orbits. Furthermore, in the case when θ = π/2, P m,θ is either a part of the Schubart orbit or a part of the Broucke-Hénon orbit. The paper is organized as follows. In Section 2, we show that P m,θ is collision free at t = 1 and it is also free of total collision. In Section 3, a general geometric result is introduced and it can be applied to P m,θ to show that it is collision-free. In Section 4, we show that P m,θ is nontrivial when m = 1 and θ ∈ [0, 0.183π]. In the last section (Section 5), we apply our geometric result (Theorem 1.1) to the retrograde orbits and the Broucke-Hénon orbit.
Exclusion of total collision
In this section, we exclude possible total collisions in the action minimizer P m,θ for all θ ∈ [0, π/2) and m > 0. Also, we exclude possible binary collision at t = 1 by the standard deformation method in the end.
Lemma 2.1. For any θ ∈ [0, π/2) and m > 0, the action minimizer P m,θ has no total collision.
Proof. We first obtain a lower bound of action when P m,θ has a total collision in [0, 1]. We denote the action by A total if P m,θ has a total collision. By Chen's level estimate [4] ,
By the setting of Q S and Q E in (1.3), we can choose a piece of Euler orbit as the test path. In this Euler orbit, at t = 0, it is on the x-axis with body 1 at the origin. While at t = 1, Q e degenerates to a straight line. The corresponding action A test is
, it is equivalent to show that
In order to prove (2.1), we consider the difference
In fact, the derivative
Therefore, P m,θ has no total collision. The proof is complete.
Note that by the definition of Q E in (1.3), the only possible binary collision at t = 1 is between bodies 2 and 3. Standard local deformation result can imply this fact.
The following blow-up results are needed in proving that P m,θ is free of binary collisions at t = 1.
It is known that the bodies involved in a partial collision or a total collision will approach a set of central configurations. More information can be known if the solution under concern is an action minimizer: 
has an isolated collision of k ≤ N bodies at t = t 1 . Then there is a homothetic parobolic solutionȳ of
Here A * τ,t 1 denotes the action of this k-body subsystem.
By applying Lemma 2.2 and Lemma 2.3, the following result holds. Proof.
a two-dimensional vector space and the only possible binary collision in Q E is between bodies 2 and 3.
Assume that q 2 and q 3 collide at t = 1 in P m,θ . By the analysis of blow up in Lemma 2.2 and Lemma 2.3, there exists a parobolic homothetic solution q i (t) = ξ i t 2 3 , (i = 2, 3), which is also a minimizer of the 2-body problem on [1 − τ, 1] for any τ > 0. In fact, (ξ 2 , ξ 3 ) forms a central configuration with mξ 2 = −mξ 3 , and the two vectors ξ 2 , ξ 3 satisfy the energy constraint:
For a given ε > 0 small enough, we fix q i (ε) (i = 2, 3). Next, we perturb q i toq i (i=2,3) such that
are the perturbed vectors of q 1 and q 2 at t = 1. Since the boundary set Q E is a vector space, it follows that one can always choose the local deformationq i such thatq i (1) (i = 2, 3) satisfies
By [8, 10, 16] , there existq 2 andq 3 , such that the action ofq 2 andq 3 in [1 − τ, 1] is strictly smaller than the action of the parabolic ejection solution: q 2 and q 3 . Contradiction! Therefore, there is no binary collision at t = 1 in P m,θ . The proof is complete.
Geometric result
In this section, we study the geometric property of the action minimizer connecting two given boundaries. The main result is Theorem 3.1, which can be applied to exclude the possible binary collisions with order constraints.
The kinetic energy K and the potential energy U can be rewritten as
while the action functional is
For convenience, in the Cartesian xy coordinate system, the i-th quadrant is denoted by Q i (i = 1, 2, 3, 4), while its closure is denoted by Q i . For example,
The main result in this section is as follows. 
|Z 1 (t)|||Z 2 (t)| is the angle between the two nonzero vectors Z 1 (t) and Z 2 (t).
is the angle between the two straight lines spanned by Z 1 and Z 2 .
A new formula of U ≡ U (Z 1 , Z 2 ) can then be derived by the law of cosines:
is a function of three variables: |Z 1 |, |Z 2 | and ∆ when both Z 1 = 0 and 
is a strictly decreasing function with respect to ∆.
Proof. Fixing |Z 1 | and |Z 2 | and taking the derivative of U (|Z 1 |, |Z 2 |, ∆) in (3.5) with respect to ∆, it follows that
Note that ∆ ∈ [0, Given a nonzero point Z k = (Z kx , Z ky ) (k = 1, 2), we consider its four reflection points: (±|Z kx |, ±|Z ky |). For each t ∈ [0, 1], we choose Z 1i (t) to be one of the four reflection points such that Z 1i (t) ∈ Q i . For example, Z 11 (t) = (|Z 1x (t)|, |Z 1y (t)|). Similarly, we can choose Z 2 j (t) ∈ Q j for all t ∈ [0, 1]. Then the following result holds. Lemma 3.3. For each t ∈ [0, 1] and any i, j ∈ {1, 2, 3, 4}, the potential function U (Z 1i (t), Z 2 j (t)) must be one of the following two values: U 1 (t) and U 2 (t). It satisfies
Proof. Note that if two nonzero vectors Z 1 (t) and Z 2 (t) are in two adjacent closed quadrants, the angle ∆(Z 1 (t), Z 2 (t)) = ∆(Z 1i (t), Z 2 j (t)) if their reflection points Z 1i (t) and Z 2 j (t) are also in two adjacent closed quadrants.
If Z 1 (t) or Z 2 (t) belongs to the coordinate axes (including the case when Z 1 (t) = 0 or Z 2 (t) = 0 for some t), it is easy to check that Z 1i (t) and Z 2 j (t) are always in two adjacent closed quadrants. Hence, U (Z 1i (t), Z 2 j (t)) = U 1 (t). Thus we only consider the case when both Z 1 (t) and Z 2 (t) are away from the coordinate axes.
In fact, similar to the definition of ∆, we define two angles α 1 and α 2 as follows
where s 1 = (1, 0). It is clear that α 1 , α 2 ∈ (0, π/2).
If Z 1i and Z 2 j are in two adjacent quadrants respectively, then
If Z 1i and Z 2 j are not in two adjacent quadrants, we have
Note that both Z 1 (t) and Z 2 (t) are away from the coordinate axes, it implies that α 1 , α 2 ∈ (0, π/2).
Hence,
It is clear that for each given t ∈ [0, 1], the values of U (Z 1i (t), Z 2 j (t)) (i, j = 1, 2, 3, 4) can only be either U 1 (t) or U 2 (t). By proposition 3.2, it follows that
The proof is complete. Proof. The proof basically follows by the uniqueness of solution of the initial value problem of an ODE system. Note that for t ∈ (0, 1), q i (i = 1, 2, 3) are the solutions of the Newtonian equations. Without loss of generality, we assume Z 1 (t 0 ) is tangent to the x-axis with 0 < t 0 < 1. Note that Z 1 (t 0 ) = 0 and
If Z 2 (t 0 ) is also on the x-axis and tangent to it, it implies that
Note that the center of mass is fixed at 0, it follows that q 1y (t 0 ) = q 2y (t 0 ) = q 3y (t 0 ) = 0,q 1y (t 0 ) =q 2y (t 0 ) =q 3y (t 0 ) = 0. (3.11)
The Newtonian equations and (3.11) imply thaẗ
Since the set {(q 1 , q 2 , q 3 ) | q 1y = q 2y = q 3y = 0,q 1y =q 2y =q 3y = 0} is invariant, it imply that
It follows that both Z 1 (t) and Z 2 (t) stay on the x-axis for all t ∈ [0, 1].
If Z 2 (t 0 ) is tangent to the y-axis, we have
Note that in (3.10), q 2y (t 0 ) = q 3y (t 0 ),q 2y (t 0 ) =q 3y (t 0 ).
By the Newtonian equations, (3.10) and (3.13) imply thaẗ q 1x (t 0 ) = 0,q 2y (t 0 ) =q 3y (t 0 ).
Note that the set {(q 1 , q 2 , q 3 ) | q 1x = 0, q 2x = −q 3x , q 2y = q 3y ,q 1x = 0,q 2x = −q 3x ,q 2y =q 3y } is invariant, it follows hat q 1x (t) = 0, q 2y (t) = q 3y (t), ∀t ∈ [0, 1].
It implies that Z 1 stays on the x-axis and Z 2 stays on the y-axis for all t ∈ [0, 1]. The proof is complete.
Proof of Theorem 3.1: The key point in the proof is the observation that for all t ∈ [0, 1], Z 1 (t) and Z 2 (t) must belong to two adjacent quadrants.
Without loss of generality, we assume Z 1 (0), Z 1 (1) ∈ Q 2 and Z 2 (0), Z 2 (1) ∈ Q 1 . We define a path
(3.14)
It is clear that
By lemma 3.6, we have
On the other hand, since (Z 1 , Z 2 ) is a minimizing path connecting the two fixed boundaries, and ( Z 1 , Z 2 ) connects the same boundaries, it implies that
By the smoothness of U (Z 1 (t), Z 2 (t)) in (0, 1), it follows that
Then by lemma 3.6, Z 1 (t) and Z 2 (t) are in two adjacent closed quadrants for all t ∈ [0, 1].
Note that by the celebrated results of Marchal [11] and Chenciner [2] , an action minimizer (Z 1 , Z 2 ) is collision-free in (0, 1) and it is a solution of the Newtonian equations in (0, 1). By (3.16), it implies that both (Z 1 , Z 2 ) and ( Z 1 , Z 2 ) are smooth paths in (0, 1). Thus if Z 1 or Z 2 touches the coordinate axes in (0, 1), it must be tangent to the coordinate axes.
Note that Z 1 = q 2 − q 3 , it follows that Z 1 (t) = 0 for all t ∈ (0, 1). If Z 2 (t 0 ) = 0, by the smoothness of Z 2 and Z 2 , it follows thatŻ 2 (t 0 ) = 0. Since {(q 1 , q 2 , q 3 ) | q 1 = 0,q 1 = 0} is an invariant set, it implies that Z 2 ≡ 0 for all t ∈ [0, 1]. In this case, it is one part of the Euler solution, which is case (c) in Theorem 3.1.
If Z 2 ≡ 0, by the Newtonian equations, Z 1 and Z 2 satisfÿ
Next, we show that if there exists some t 0 ∈ (0, 1), such that Z 1 (t 0 ) or Z 2 (t 0 ) is on the axes, then Z 1 (t) and Z 2 (t) must stay on the axes for all t ∈ [0, 1]. In fact, we first assume that Z 1 (t 0 ) is on the positive x-axis for some t 0 ∈ (0, 1) and Z 2 (t 0 ) ∈ Q 1 . By (3.17) , the acceleration in the y-directionZ 1y (t 0 ) satisfies
The smoothness of Z 1 and Z 1 implies that the velocity satisfiesŻ 1y (t 0 ) = 0. Consequently, for small enough ε > 0, Z 1 (t 0 + ε) ∈ Q 1 , Z 2 (t 0 + ε) ∈ Q 1 . Contradiction to the property that Z 1 (t) and Z 2 (t) belong to two adjacent closed quadrants for all t
is on the coordinate axes.
We then discuss the case when Z 1 (t 0 ) is on the negative x-axis. If Z 2 (t 0 ) ∈ Q 1 , it follows thaṫ Z 1y (t 0 ) = 0 andZ 1y (t 0 ) < 0. Hence, there exists small enough ε > 0, such that Z 1 (t 0 + ε) ∈ Q 3 and Z 2 (t 0 + ε) ∈ Q 1 . Contradiction to the result that Z 1 (t) and Z 2 (t) must belong to two adjacent quadrants! Similarly, Z 2 (t 0 ) / ∈ Q i for i = 1, 2, 3, 4. Therefore, whenever Z 1 (t 0 ) = 0 is on the x-axis for some t 0 ∈ (0, 1), Z 2 (t 0 ) must be on the axes. By Lemma 3.4, Z 1 and Z 2 must stay on the corresponding axes for all t ∈ [0, 1].
The same argument works for Z 1 (t 0 ) on the y-axis or Z 2 (t 0 ) on one of the axes. Therefore, whenever there is some t 0 ∈ (0, 1) such that Z 1 (t 0 ) or Z 2 (t 0 ) is on the axes, both Z 1 (t) and Z 2 (t) must stay on the corresponding axes for all t ∈ [0, 1]. That is, case (b) in Theorem 3.1 holds whenever there exists some t 0 ∈ (0, 1) such that Z 1 (t 0 ) or Z 2 (t 0 ) is on the axes.
In the end, if both case (b) and (c) fail, we have both Z 1 (t) and Z 2 (t) are away from the axes for all t ∈ (0, 1). Then case (a) holds. The proof is complete. Now we can apply Theorem 3.1 to exclude the possible collisions in the action minimizer P m,θ . Proof. By the celebrated work of Marchal [11] and Chenciner [2] , P m,θ is collision-free in (0, 1). By Section 2, P m,θ has no total collision. Furthermore, it has no binary collision at t = 1.
Recall that at t = 0, the three bodies are on the x-axis and satisfy the order q 2x (0) ≤ q 1x (0) ≤ q 3x (0). It implies that he only possible collisions are q 1 (0) = q 2 (0) and q 1 (0) = q 3 (0). Note P m,θ is free of total collision, it implies that q 2x (0) < 0 and q 3x (0) > 0. When θ ∈ (0, π/2), we claim that the collision minimizer (Z 1 , Z 2 ) satisfies
In fact, by the definition of Q S and Q E in (1.3), Z 1 (0) < 0 is on the negative x-axis, while Z 2 (0) > 0 is on the positive x-axis. Z 1 (1) ∈ Q 2 or Q 4 and
can be defined by (3.14), such that
and Lemma 3.3 implies that
Note that ( Z 1 , Z 2 ) also satisfies the boundary condition (1.2), it implies that A(
Since Z 1 (1) ∈ Q 2 and Z 2 (1) ∈ Q 1 , by Theorem 3.1 we have Z 1 (t) ∈ Q 2 for all t ∈ (0, 1). On the other hand, Z 1 (0) is on the negative x-axis and Z 1 (1) ∈ Q 4 . Thus there is some t 0 ∈ (0, 1) such that Z 1 (t 0 ) is on the y-axis. Then Z 1 (t 0 ) is also on the y-axis. Contradict to Z 1 (t) ∈ Q 2 for all t ∈ (0, 1)! Hence, Z 1 (1) ∈ Q 2 . A similar argument shows that Z 2 (1) ∈ Q 1 . By Theorem 3.1, (3.18) holds.
When θ = 0, we have Z 1 (1) is on the y-axis and Z 2 (1) is on the x-axis. By the same argument as above, we actually have
Here we only consider the case Z 1 (t) ∈ Q 2 , Z 2 (t) ∈ Q 1 , while the other case follows similarly.
For θ ∈ [0, π/2), the minimizer must satisfies that Z 1 (t) and Z 2 (t) belongs to two adjacent closed quadrants for all t ∈ [0, 1]. This is enough to exclude the binary collision at t = 0.
Assume at t = 0, q 1 (0) = q 3 (0). Since q 2x ≤ q 1x ≤ q 3x , it follows that q 1 (0) = q 3 (0) > 0 and q 2 (0) < 0. In fact, by [8, 10, 19] , the following limits hold:
It is known that an isolated binary collision in the three-body problem can be regularized. By (3.19) , it implies that for small enough t > 0, there exists α 0 > 2/3, such that
Therefore, α 0 > 5/3. Whenq 2y = 0, by Lemma 6.2 in [20] , the path (Z 1 , Z 2 ) = (Z 1 (t), Z 2 (t))(t ∈ [0, 1]) must stay on the x-axis. However, by the definition of Q E in (1.3), the collision-free isosceles configuration at t = 1 can never become a collinear configuration on the x-axis. Contradiction! Whenq 2y (0) > 0, By (3.21), it follows thatq 1y (0) < 0. Then for t ∈ (0, ε] with ε > 0 small enough we haveq
It follows that lim
Hence for t ∈ (0, ε),
The above argument implies that body 1 and 3 can not collide at t = 0 in P m,θ in the case when Z 2x > 0. For the case Z 2x < 0, the argument is similar. Therefore, P m,θ is free of collision. The proof is complete.
By Theorem 3.5, for each given θ ∈ [0, π/2) and each m > 0, the action minimizer P m,θ is actually a solution of the Newtonian equations. By applying the formulas of first variation as in Section 5 of [22] , one can easily show that P m,θ can be extended to a periodic or quasi-periodic orbit. Proof. The case when θ ∈ [0.084π, 0.183π] has been shown in [22] . In what follows, we only show the case when θ ∈ [0, 0.084π]. 
In fact,q(t) satisfies
where i = 0, 1, . . . , 9. It is easy to check thatq(0) ∈ Q S andq(1) ∈ Q E , where Q S and Q E are the boundary sets defined in (1.3). Once the values of q i 10 (i = 0, 1, . . . , 10) in P 1,θ 0 are given, the action of the test path A test = A (P test,θ ) can be calculated accurately as in Lemma 3.1 of [22] . The data of the test path and the corresponding figures of action values are shown in Table 1 
given set of 11 interpolation points, it is shown in [22] that the action of the test path A test is a smooth function with respect to θ. In the last step, we compare the value of the two smooth functions: A test and A Euler when θ ∈ [0, 0.084π] in Fig. 4 . To do so, we calculate the value of the two functions with a step π × 10 −3 . It follows that the action minimizer P 1,θ is nontrivial and collision-free when θ ∈ [0, 0.084π]. The proof is complete.
Application to the retrograde orbit
In this section, we apply our geometric result (Theorem 3.1) to the retrograde orbit. Note that the retrograde orbit can be characterized as an action minimizer connecting two free boundaries. Let
For each θ ∈ (0, π/2], standard results [7, 9, 15, 24] imply that there exists an action minimizer P m,θ ∈
We first show that the action minimizer P m,θ is free of total collision by applying the level estimate method [4, 6] . The test path here is a modified version of the test path in [6] .
Lemma 5.1. P m,θ is free of total collision for all m > 0 and θ ∈ (0,
In fact,
A direct calculation shows that 
Therefore, by (5.4) and (5.5), the inequality A test < A total holds for any m > 0. The proof is complete.
By the same argument of Lemma 2.4 in Section 2, the action minimizer P m,θ = P m,θ ([0, 1]) in (5.3) is collision-free at t = 1. We are then left to exclude the possible binary collisions at t = 0 in P m,θ .
Let
Let (Ẑ 1 (t),Ẑ 2 (t)) (t ∈ [0, 1]) be the minimizing path corresponding to the action minimizer P m,θ . Next, we apply Theorem 3.1 to exclude possible binary collisions at t = 0.
Proof. We show it by contradiction! Note that by Lemma 5.1, there is no total collision at t = 0. If
Lemma 3.3 and Theorem 3.1 imply that for any m > 0 and θ ∈ (0, π/2), the minimizing path (Ẑ 1 (t),Ẑ 2 (t)) (t ∈ [0, 1]) must satisfy that the two curvesẐ 1 andẐ 2 stay in two adjacent closed quadrants and they don't touch the axes in (0, 1). It implies thatẐ 2 (t) ∈ Q 3 .
On the other hand, note that by [19] , when q 2 (0) = q 3 (0) in P m,θ , the motion of the collision pair satisfies lim
By Theorem 3.1,Ẑ 1 (t) ∈ Q 4 . SinceẐ 2 (t) ∈ Q 3 , it follows thatq 1y (0) ≤ 0,q 2y (0) = lim t→0 +q 2y ≥ 0. When ε > 0 small enough, we consider the following identity:
(5.6) Theorem 3.1 implies that we can choose small enough ε > 0, such thatẐ 1 (ε) ∈ Q 4 . That isẐ 1y (ε) = q 2y (ε) − q 3y (ε) < 0.
However, the Newtonian equations imply thaẗ
SinceẐ 1 (t) ∈ Q 4 andẐ 2 (t) ∈ Q 3 for all t ∈ [0, ε] with ε > 0 small enough, it follows that for all t ∈ [0, ε],
|q 1 (t) − q 3 (t)| ≤ |q 1 (t) − q 2 (t)|, q 1y (t) − q 3y (t) ≤ q 1y (t) − q 2y (t) ≤ 0.
Hence, 2(q 1y (t) − q 2y (t)) |q 1 (t) − q 2 (t)| 3 ≥ 0, q 1y (t) − q 2y (t) |q 1 (t) − q 2 (t)| 3 − q 1y (t) − q 3y (t) |q 1 (t) − q 3 (t)| 3 ≥ 0, ∀t ∈ [0, ε].
It implies that
q 2y (ε) − q 3y (ε) = Contradict to q 2y (ε) − q 3y (ε) < 0! Therefore, P m,θ has no binary collision between bodies 2 and 3 at t = 0. The proof is complete. Proof. We show it by contradiction! Note that by Lemma 5.1, there is no total collision at t = 0. If q 1 (0) = q 2 (0) in P m,θ , it follows that Z 1x (0) < 0,Ẑ 2x (0) < 0, andẐ 1y (0) =Ẑ 2y (0) = 0, whileẐ 1 (1) ∈ Q 2 or Q 4 ,Ẑ 2 (1) ∈ Q 1 or Q 3 . Lemma 3.3 and Theorem 3.1 imply that for any m > 0 and θ ∈ (0, π/2), the minimizing path (Ẑ 1 (t),Ẑ 2 (t)) (t ∈ [0, 1]) must satisfyẐ 1 (t) ∈ Q 2 ,Ẑ 2 (t) ∈ Q 3 .
(5.7)
By [19] , when q 1 (0) = q 2 (0) in P m,θ , the motion of the collision pair satisfies SinceẐ 2 (t) ∈ Q 3 , it follows thatq 1y (0) = lim t→0 +q 1y =q 2y (0) < 0 andq 3y (0) > 0. ThenẐ 1 (t) = q 2 (t) − q 3 (t) is in Q 3 for all t ∈ (0, ε]. Contradict toẐ 1 (t) ∈ Q 2 ! Therefore, there is no binary collision between bodies 1 and 2 at t = 0 in P m,θ . The proof is complete.
In the case when θ = π/2, the only difference is that Q E 1 can be degenerated to an Euler configuration on the x-axis. We show that the action minimizer P m,θ is either one part of the Schubart orbit ( Fig. 2 (a) ) or one part of the Broucke-Hénon orbit ( Fig. 2 (b) ). However, by the definition of Q E 1 , when it becomes a straight line on the x-axis, the order of the three bodies can only be q 2x (1) < q 1x (1) < q 3x (1), or q 3x (1) < q 1x (1) < q 2x (1).
Contradict to (5.8)! Hence, there is no binary collision between bodies 2 and 3 in P m,θ .
If at t = 0, q 1 (0) = q 2 (0) in P m,θ , i.e. bodies 1 and 2 collide at t = 0. Since (Ẑ 1 ,Ẑ 2 ) stays on the x-axis for all t ∈ [0, 1], it implies thatq 1y (0) =q 2y (0) =q 3y (0) = 0.
By Lemma 6.2 in [19] , the motion must be collinear and it must be part of the Schubart orbit.
Therefore, for any given m > 0 and θ = π/2, the action minimizer P m,θ coincides with either the Schubart orbit or the Broucke-Hénon orbit. The proof is complete.
